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ABSTRACT

The huge magnetic fields characteristic of pulsars cause the nuclei (largely iron) of the stellar surface to form
a tightly bound condensed state. Except for the very young Crab pulsar, theory and observation both support
the view that the stellar surface is not hot enough to sustain an outflow of positive ions to balance the outflow
of electrons as charge leaves the magnetosphere through the light cylinder along the open magnetic field lines.
Adopting the conventional assumption that electrons do not return to the neutron star by coming back through
the light cylinder along the open field lines, we are led to the following consequences for a neutron star whose
magnetic moment tends to be antiparallel (as opposed to parallel) to its spin angular momentum: A polar mag-
netospheric gap is formed that spans the open field lines from the stellar surface up to an altitude of about 10*
cm. In the gap E-B # 0, although it vanishes essentially everywhere else in the near magnetosphere. The poten-
tial difference between the base and top of the gap is about 102 volts. The gap continually breaks down (spark-
ing) by forming electron-positron pairs on a time scale of a few microseconds. The gap positrons move out
along the open field lines, and electrons flow to the stellar surface to close the pulsar’s homopolar generator
circuit as in the related Sturrock model.

We show how this can lead to injection into the near magnetosphere of ultrarelativistic positrons and the
pairs subsequently produced by curvature radiation from the positrons leads to coherent microwave radiation in
the frequency range and with remarkably many of the characteristics observed in pulsars. The properties and
energetics of the sparking in the gap lead directly to (i) the maximum total luminosity of the pulsar and its
dependence on period P: Lyax ~ 10%°P~15/7 ergs s~ *, (ii) the observed drifting of subpulses and quantitative ex-
pressions for P, and P; (assuming that the sparking is localized, rapidly fluctuating but only rarely self-quench-
ing), (iii) microstructure of pulses, (iv) the turnoff of a pulsar as its period increases, and (v) apparent weakening
of the magnetic field in older pulsars. The production of coherent microwave radiation in the near magneto-
sphere results in substantial qualitative agreement with observations in these areas: (i) shapes and widths of
pulse envelopes, (ii) their period and frequency dependence, and (iii) the sweep of linear polarization through

the pulse envelope.
Subject heading: pulsars

I. INTRODUCTION

A spinning magnetized neutron star generates huge
potential differences between different parts of its
surface. Near the neutron star charged particles can
flow only along magnetic field lines: since these lines
do not cross, the pulsar circuits that utilize these
potential differences are not completed near the star.
Rather, charged particles flow out from the star to the
neighborhood of the light cylinder (where the corota-
tion velocity is the velocity of light). Here complete
solutions for pulsar magnetospheres are not yet avail-
able, but it appears that there is mainly an outward
flow of relativistic charged particles through the light
cylinder. The open magnetic field lines which penetrate
the light cylinder play a role analogous to that of
conducting wires in ordinary circuits. If the wire is
broken near the pulsar surface, the entire potential
drop could be developed across the gap. Such a
situation begins to arise at a pulsar surface out of
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which ions cannot be pulled by the electric field
component parallel to the surface magnetic field B;.
This retention of ions, characteristic of a metal
(solid or liquid), is a consequence of the huge surface
magnetic field of a pulsar (except in the case of the
very young Crab pulsar). The outflow of charged
particles along field lines from the outer regions of the
magnetosphere causes a magnetospheric gap to build
up on the (open) field lines which connect it to the
stellar surface; there E-B does not vanish as it essen-
tially does everywhere else in the near magnetosphere.
If not limited by a “breakdown’’ of the vacuum, the
gap would grow until the entire available potential
drop would develop along a field line traversing the
gap. But before the gap grows to this extent, the region
within the gap becomes unstable against the avalanche
growth of electron-positron pairs. This occurs when a
potential drop across the gap of close to 102V is
reached. For most pulsars the breakdown gap width
is about 10*cm. The electron-positron ““sparking”
provides the necessary positive charge to close the
pulsar circuit as gap electrons flow back to the surface
and keep the gap from growing. The maximum value
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of the electric field component along B, reached just
as a spark begins to grow, is generally many orders of
magnitude less than that necessary to pull appreciable
currents of positive ions from the stellar surface. In a
similar model Sturrock (1971) considered electron-
positron production from the curvature radiation of
electrons (and protons) flowing out of the stellar
surface. The accelerating electric fields were essentially
taken as those which would obtain if there were no
corotating magnetosphere at all on open field lines.
The associated accelerating voltages are then much
greater than those from space charge effects in the
corotating magnetosphere associated with bringing
the emitted electrons to relativistic speeds. These give
(for a P = 1 s pulsar) less than a 10*° V potential drop
above the surface (Michel 1974); this is much too low
for subsequent curvature radiation to support
electron-positron production.

Once the positrons leave the relatively small (10*
cm) gap, they are in a region where E-B = 0 and are
no longer significantly accelerated parallel to B until
they reach or penetrate the light cylinder. They move
along curved field lines in a region of the magneto-
sphere whose angular rotation differs from that of the
star. (Only if E-B = 0 all along a segment of a mag-
netic field line will charged particles on that segment
corotate with each other; corotation with the star
itself follows only if that segment extends to the stellar
surface.) The curvature radiation from these positrons
considerably beyond the gap will produce electron-
positron pairs just as it did in the gap. These secondary
particles are argued to bunch appropriately to give
coherent microwave radiation, a remarkable number
of whose properties are coincident with those ob-
served in pulsars. The significance of electron-positron
production from curvature radiation near the surface
of a pulsar has already been pointed out by Sturrock
(1971), a number of whose seminal ideas are supported
in the model we shall deduce.

Most of the features of this radiation are apparent
in the simplified geometry in which an axisymmetric
pulsar magnetic field is parallel or antiparallel to its
spin axis (Goldreich and Julian 1969). In § II we begin
with a brief review of some of the features of the
standard model in which charges of both signs can
flow freely from the stellar surface. Of special interest
will be those neutron stars whose magnetic moment is
directed antiparallel to their spin angular momenta so
that the corotating magnetosphere plasma above the
polar caps has a net positive charge. Section III sum-
marizes the arguments for believing that, except in the
case of the Crab pulsar, a pulsar surface will not be an
emitter of positive ions even though electrons may
come easily from the surface. Here the special nature
of matter in a superstrong (102 gauss) magnetic field
is crucial. Section IV and the Appendix consider the
consequences for the near magnetosphere of a spin-
ning neutron star when charges flow out through the
light cylinder, but are not replaced by an equivalent
flow of charge out from the stellar surface. The
inability of the stellar surface to supply a flow of posi-
tive ions ultimately causes the near magnetosphere
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above the polar cap to pull away from the surface and
leave a gap. In this gap E- B, which essentially vanishes
everywhere else in the near magnetosphere and within
the neutron star, differs from zero by an amount
roughly proportional to the gap height /4. A potential
drop proportional to A% develops along the magnetic
field lines in the gap; test particles in the gap and the
magnetosphere along the open field lines above it no
longer corotate with the star and the rest of the
magnetosphere.! Section V shows that the gap height %
and the potential difference between its top and bottom
will be limited by the onset of an instability in which
sparks discharge across the gap. The formation of an
electron-positron discharge in the gap occurs when the
potential difference reaches about 10'2? V. Then charged
particles accelerated in the gap and moving along
curved magnetic field lines produce curvature radia-
tion with photon energy sufficiently greater than
2m,c? that these photons can produce e~-e* pairs on
neighboring field lines. Further energetic radiation
will be produced, and this can go on to produce more
pairs and so on. Through this cascade process the gap
can be discharged by an electron-positron spark as
electrons flow to the pulsar surface and positrons move
out along open field lines to the light cylinder. We
determine the thickness 4 of the gap to be that for
which a quasi-stable discharge is attained, and find
h ~ 5 x 10®cm for a P = 1s pulsar with magnetic
field B ~ 102 gauss. Section VI considers some special
properties of polar gap sparks which will have direct
observational consequences for the coherent micro-
wave radiation they will ultimately cause in the plasma
beyond the gap. Sparks feed relativistic positron
beams into localized bundles of open field lines.
These sparks are shown to drift around the polar gap
with a period P; whose magnitude and dependence on
the neutron star’s rotation period agree well with that
observed for drifting subpulses (Backer 1973). The
expected spacing between sparks in the gap corre-
sponds to and fits the observed subperiod P,. Growth,
persistence, and partial decay of sparks last a few
microseconds. At the beginning of a spark, injected
positrons have y ~ 3 x 10%; this is expected to drop
sharply at the very end of the spark as the gap poten-
tial drop is shorted by the separation of the large e~
and e* densities which have been produced in the
discharge. This drop in injected positron energies is
significant for details of the subsequent coherence of
microwave radiation. Section VII considers the com-
plete absence of sparking in pulsars whose period P
exceeds Py = 1.7(B,%/1012)8/13 seconds, where B¢ is
the surface component of the dipole magnetic field.
In this limit our model coincides with that of Sturrock
except for the description of the surface magnetic
field. It gives a cutoff in observable pulsar periods very
near that observed. A further consequence is shown to
be a good fit to the observed distribution of (PP)?
with pulsar age which has also been attributed to a
decrease in the pulsar magnetic field with age (Gunn
and Ostriker 1970).

! See note added in proof.
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In § VIII it is shown how the outflowing positrons
from the gap will convert a substantial fraction of
their kinetic energy (~ 103°P~1%7ergss—1) into co-
herent microwave radiation. Positrons created near
the beginning of the spark have extreme relativistic
energies corresponding to y ~ 3 x 10°, Immediately
above the gap there is no further acceleration, but
curvature radiation such as that which initiated the
spark in the 10*cm gap continues. Conversion of
these gamma rays in the region above the gap fills
it with an e~ -e* plasma. Near the star the magnetic
field is presumed to be described by many multipoles
in a complicated way, but with a characteristic radius
of curvature of field lines comparable to the stellar
radius. Then the conversion is very efficient for pair
creation within about 10% cm of the stellar surface.
These pairs have an energy of 2y, mc? with y, ~ 800.
The number density of these pairs is ~3 x 108/y, ~
4 x 103 greater than that of the spark positrons or
that of the charge-separated plasma needed for co-
rotation. Although unaccelerated by electric fields,
these pairs move out at speed ¢ along the curved open
field lines (with a momentum along the field equal to
that of the momentum component of the photon that
produced them). They of course also produce curva-
ture radiation; but because y, ~ 800 and, to a much
lesser extent, because the radius of curvature of the
field lines is rapidly increasing as the pairs move away
from the neutron star into an essentially pure dipole
region, the curvature radiation falls in the radio band.
The efficiency of incoherent single-particle radiation is
negligibly small, but bunching of the particles in the
plasma would make the conversion of the kinetic
energy of the pairs into curvature radiation vastly
more efficacious. An effective bunching mechanism is
provided by the streaming of the much more energetic
spark-gap-accelerated positrons through this pair
plasma. The induced bunching of charge in this
plasma by the classical two-stream instability with a
relativistic beam is considered in § VIII. Bunching of
the required magnitude and with the appropriate
spatial and time scales to give strong coherent radia-
tion is calculated to begin where the pair-plasma fre-
quency beyond the gap passes below the characteristic
frequency of curvature radiation from this same
plasma. This occurs much farther from the neutron
star as its period increases and can extend to distances
~ 108 cm in the oldest pulsars. The fundamental role
of curvature radiation of the secondary electron-
positron pairs in giving pulsar microwave radiation is
just that proposed by Sturrock (1971) and Tademaru
(1971). Details of the bunching and of the geometrical
regime involved are quite different.

Section IX compares theory and observation for
pulse properties. In older pulsars the coherent radia-
tion comes mainly from a distant toroidal region whose
center is hollowed by negligible field curvature. Since
the coherent radiation is emitted essentially tangent
(within y, ~!) to the magnetic field lines, a distant
observer passing through the radiated beam would see
mainly a two-humped structure for an integrated
pulse profile if, on the average, sparks fill all parts of
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the gap with equal probability. For shorter-period
pulsars the dimensions of the hollowed center of the
radiation region are much reduced, and it is expected
that a two-humped pulse profile is less likely to be
observed for these pulsars. Calculated period and fre-
quency dependence of the pulse shapes agrees reason-
ably with observations. The continuous sweep of linear
polarization through the pulse envelope, typical of
most pulsars (see, for example, Manchester 1971), is
readily understood in terms of the dipole structure of
the magnetic field in the near magnetosphere, as first
proposed by Radhakrishnan and Cooke (1969).
Observational support for near-magnetosphere emis-
sion, based on pulse structure and polarization, has
been summarized in the past by Manchester (1971), ter
Haar (1972), and Manchester et al. (1973).

II. THE STANDARD MODEL: DEFINITIONS

Goldreich and Julian (1969) elucidated the charac-
teristics of the corotating magnetosphere surrounding
an axisymmetric neutron star with aligned magnetic
moment and rotation axes. They assumed that (a) the
neutron star can supply the necessary negative charges
(electrons) and positive charges (ions and positrons)
required to fill and maintain the magnetosphere with
E-B ~ 0, and (b) the currents in the magnetosphere
are negligible. They showed that the magnetosphere
would then corotate with a local charge density

Q.B 1
Pe = T ome T — Q%r 22 M

where r;, = rsin § and 6 is the polar angle. With the
charge density of equation (1), the electric field in the
neutron star and in its magnetosphere vanish in a
corotating reference frame. In the stationary observer’s
frame

E=—-(RX%Xr)XBjc. )

In that approximation which neglects the magnetic
field contribution from magnetospheric currents, the
magnetic field far from the neutron star surface is
dominated by the star’s own dipole field. Those field
lines which originate sufficiently close to the stellar
polar caps will cross the light cylinder of radius

R, = ¢|Q (©)]

at which exact corotation can no longer be maintained.
These open field lines will define two ““polar caps’ on
the stellar surface from which charged particles leav-
ing the star can move along field lines and escape from
the corotating magnetosphere by passing through the
light cylinder. At the light cylinder the “corotating”
magnetosphere carries one sign of net charge along an
equatorial belt and the opposite sign above and below
it (cf. fig. 1). A (centrifugally induced) loss of charged
particles out through the light cylinder would cause
E.B s 0. To continually restore it, a current of each
sign would flow out from regions of the polar caps as
sketched in figure 1. In the original model of Goldreich
and Julian (1969) an outward negative (positive)
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Fic. 1.—Sketch of the magnetic field lines, currents, and
magnetospheric charge density for a Goldreich and Julian
(1969) model in which the rotation axis and magnetic dipole
axis are antiparallel. The magnetic field is assumed to be
purely dipolar. The dashed lines, at cos 8 = +3~/2, separate
the magnetospheric regions of posmve and negatxve charge
density with p, = —§+B(2wnc)~!. From the equator to the
pole: Line a is the last field line to close within the light
cylinder (R, = ¢Q~1); Lines between a and b are open and
pass through regions of negative charge as they penetrate the
light cylinder; negative currents (J_) flow along these lines
from the star. The open magnetic field lines between line b and
the pole pass through regions of positive charge, and positive
currents (J+) flow along them.

charge flow is presumed to exist, even through a net
positively (negatively). charged polar magnetosphere.
In other models (Michel 1974) it is presumed that the
magnetosphere charge above an emitting region must
match that of the outflowing charge. Detailed com-
putations (Kuo-Petravic, Petravic, and Roberts 1974)
suggest the further comphcatlon of some field line
crossing and backflow into the star to balance the
outflow from the polar region. We shall consider, in
this paper, mainly spinning neutron stars whose
magnetic moments are antiparallel to their spins, i.e.,
those for which the magnetosphere just above the
polar caps has a net positive charge. These we shall
call pulsars. If the spin and moment are parallel so
that the magnetosphere above the polar caps is nega-
tive, we shall use the designation antipulsar, although
we shall not consider in this paper possible radiation
mechanisms for antipulsars. For pulsars the gap
formed above the polar cap does not depend on the
detailed way in which electrons leave the star else-
where or positive particles return to it; this may not
be true for antipulsars.

In the pure dipole field approximation for a pulsar,
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the radius of the polar cap region out of which a net
flow of positive charges is needed to maintain the
magnetosphere is

3/4 1/2
rp, %= (%) R(%@) ~ 10*P~12cm, (4)
where R is the stellar radius. The outer radius to the
foot of the last open field line of figure 1 is

!
rt = R(ZB)™ x 14 x 100P2em, (5
c

where P is the rotation period and R ~ 10% cm. In the

Goldreich and Julian model, negative currents flow

from an annulus between essentlally rp, and r,_. The

netdmagnetlc flux through the polar cap region w1th1n
is

o, = 77'("19+d)2(Bsd""‘) ’ (6)

where B is the surface component of the dipole field
at the polar cap. For a more realistic pulsar, many
multipoles contribute to the near field of the neutron
star, and the cap radii and field strengths are not
determined by extrapolating in along the distant open
field lines for which only the dipole component is
important. However, the combination

n(r,)*(B;-F) = @, ™

which gives the total flux penetrating the light cylinder,
is unchanged by the removal of the dipole superscript
d because R, > R. In equation (7) B, is the actual
surface field strength. In very many of our applications
it is just this combination of parameters that is
relevant.

Thus, for example, from equation (2) it follows that
the potential difference between the center of the polar
cap and the edge of the negative current emission
region is

ol p s 2o, (8)

AV " 2¢ ~ 27e

so that it can be expressed directly in terms of equa-
tions (4), (5), and (6) as

i If (BS-7) ~ 6.6 x 1012B,,/P? volts (9)

AV

almost independent of the contribution of other
multipoles to B,. In equation (9), B;, is the surface
dipole component in units of 10'2 gauss. It is this
homopolar generator potential difference that can, in
principle, ultimately be brought to bear across any gap
or inertial drag which tends to restrict the outward
flow of current along the open field lines. Although the
above assumes E-B =0, and negligible particle
streaming, the description is not expected to be greatly
altered (Michel 1974) by current flow, especially near
the star which will be our main region of concern.
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The maximum net charged-particle flux from the
polar cap is, from equation (1),

Q.B (010
2 s ~ ",
2mec ¢~ Zme (10)

Npax R 7y

This current flows beneath the stellar surface between
the negative and positive emission regions of the polar
caps. Because it must cross field lines to do this, it
exerts a braking torque on the spinning star and
reduces the stellar rotational energy at a rate

dE _ eNBy,?Q _ (B2)2Q*R®
i c X 3 . (11)

This energy loss of eAV per net charged particle flow-
ing through the surface is ultimately reflected in the
acceleration (including overcoming space-charge im-
pedance) of particles along the open field lines; most
of this has been presumed to occur close to or beyond
the light cylinder. However, the total rate of pulsar
energy loss is completely determined by the current
flowing out of the polar cap together with the surface
magnetic field. An alternative derivation of equation
(11), based on the magnetic torque at the light cylinder
induced by the shearing of the magnetic field by the
outflowing currents, has been given by Goldreich and
Julian (1969) and Sturrock (1971).

These maximal energy loss formulae, when equated
to the stellar energy loss rate —IQ(Q, give the surface
dipole field in terms of the calculated moment of
inertia of a neutron star. A typical 7 of 5 x 10* g
cm? (Baym, Pethick, and Sutherland 1971) gives
characteristic B¢ &~ 1-3 x 102 gauss (a value which
seems to vary remarkably little among pulsars; cf.
Ruderman 19724, Greenstein 1972). Equation (11)
gives Q oc — Q" with n = 3. The distribution of Q and
Q among pulsars suggests that, except in the Crab,
n = 3.4, which suggests that the net current flow is
less than the maximum, especially in the slower pul-
sars. We return to this point in § VII where the turnoff
of pulsars is discussed.

III. BINDING OF POSITIVE IONS IN A NEUTRON STAR
SURFACE

The model of § I presumes that, except for space
charge effects associated with the need to bring finite-
mass electrons and especially nuclei to relativistic
velocities, substantial currents will flow from a stellar
surface as soon as E- B departs slightly from zero. But
this is not expected to be the case, in most pulsars, for
the positive ions. Calculations (Ruderman 1972b;
Chen, Ruderman, and Sutherland 1974) show that the
structure of matter in the surface layer of neutron
stars with B ~ 10'2 gauss is largely determined by the
magnetic field: long molecular chains (with axis
parallel to B) are formed with the ions (composed of
nuclei and some core electrons) distributed in a one-
dimensional lattice along the chain and with an outer
sheath of electrons. These chains strongly attach to
each other laterally, mainly because of strong fringe
fields. The result is an anisotropic very dense, very
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strongly bound form of condensed matter. Although
just after formation a hot neutron star may have an
outer layer of helium which has cooled too rapidly to
fuse (Rosen and Cameron 1972), whatever helium can
be lifted from the stellar polar cap by pulsar electric
fields will have disappeared for pulsars older than a
thousand years or so.

One expects the matter in the outer stellar layers to
be mainly 56Fe: molecular chains composed of iron in
a field B ~ 2 x 102 gauss have a binding energy per
ion of ~14 keV and a lattice spacing ~10~° cm (the
sheath electrons have a Fermi energy ~750eV).
Because of the high binding energy per ion, in the
absence of discharges such as those discussed in § V
the ions are not expected to be stripped from the
surface and contribute significantly to pulsar surface
currents for the following reasons:

i) The electric field required to pull ions from the
chains is of order E, ~ 14 keV/Z_ el, where eZ, is the
ion charge and [/ is the interior chain lattice spacing:
for typical parameters E, ~ 102 Vcm~1. Even in the
absence of any screening magnetosphere, the maximum
surface electric field is only

Epax  27RB[Pc ~ 107/PVem™!  (12)

with P the pulsar period. For most pulsars E,, < Ej;
however, with a magnetosphere present the surface
electric fields are much reduced, and in the limit of a
corotating magnetosphere the surface electric field in
a corotating frame vanishes and field emission of ions
is impossible.

ii) At a temperature 7 an estimate of the maximum
ion particle flux & which can be emitted from the
pulsar surface (ignoring space charge limitations) is

F(T) ~ L2 ("T)”z exp (—E5kT), (1)

mZ mZ
where m, is the ion mass (~ 10722 g), Ej is the surface
binding energy (~ 14 keV), and p, is the density of
matter in the surface layers, ~6 x 10®gcm~3 for
B~ 2 x 102 gauss (Chen et al. 1974). For this flux
to supply the magnetospheric charged-particle loss
along open field lines the temperature must exceed T,
where

~ QBS ”
ZeF(T,) = pc = 7 (12"

At kT ~ 1 keV, ions will be emitted in relatively low
states of ionization because of the exceedingly tight
binding of all atomic electrons in superstrong mag-
netic fields. Then equation (127) gives T, ~ 6 x
106°K for P=1s, B =2 x 10*2 gauss, Z = 3. To
sustain such a temperature, an energy flux of ~10%3
ergs cm~2 s~ must be supplied to the stellar surface
to support its 2 keV X-ray emission.

If the entire surface of the neutron star were at or
above the temperature T, the X-ray flux of 10° ergs
s~! would be easily detected, and such pulsar X-ray
sources are not observed. This agrees with theoretical
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calculations of the expected cooling of neutron star
surfaces (Tsuruta et al. 1972). The high Fermi energy
caused by the superstrong magnetic field in the pulsar
surface matter right up to the “edge’” greatly increases
the thermal conductivity of such matter. Therefore,
the star should cool even faster than the rates given in
existing calculations.

Ohmic heating from a current such as that of equa-
tion (10) through the surface layers is much too small to
keep the cap at a temperature large enough to over-
come ionic binding. Interior frictional heating from
differential rotation between a neutron star crust and
a superfluid interior (Greenstein 1971) is similarly
greatly insufficient. Thus, both observational and
theoretical arguments strongly suggest that pulsars are
generally not hot enough to boil off ions (unless there
is some special intense heat source just at the polar
caps).

1ii) In most pulsar theories, and in the model to be
described below, electrons and positrons are accele-
rated to relativistic energies, and extremely energetic
particles of one charge may strike the surface. Even a
very close collision of a relativistic particle with an
ion nucleus will not be sufficient to dislodge it: the
maximum energy transferred in a close collision (cor-
responding to the electron/positron just skimming the
nuclear surface of radius ry) is AEp., X (Ze?[ryc)?/
2m, ~ 1 keV: this energy transfer is independent of
the energy of the (relativistic) electron/positron and is
much less than the molecular binding energy.

The above arguments concerning the inability of
pulsar surfaces to provide ions to fill and maintain the
magnetosphere are not applicable to the singular case
of the very young short-period pulsar in the Crab
Nebula: surface regions of this pulsar are predicted to
be hot enough to boil off ions; in addition, this
pulsar may be young enough to still retain a surface
layer of helium for which the molecular binding energy
is much less than that of iron.

Electrons, on the other hand, can be pulled from
the stellar surface much more readily than positive
ions. Although the electron work function has not
been calculated for matter in superstrong magnetic
fields, it has been estimated to be more than an order
of magnitude less than the positive ion binding. In
addition, quantum-mechanical barrier penetration can
greatly increase field emission currents (Ruderman
1972a). In the model discussed below, we shall adopt
the extreme assumption that the neutron star surface
yields no positive ions at all but does not limit the
outward flow of electrons in response to an appro-
priately directed, but arbitrarily small, electric field.
But as long as electrons can flow out much more
readily than ions from the polar cap, even the quanti-
tative results are not sensitive to the precise amount of
electron flow impedance.

IV. THE POLAR GAP

We shall deduce consequences for the near magneto-
sphere from two circumstances: (i) We accept the
conventional wisdom that electrons, which flow out
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through the light cylinder along swept-back magnetic
field lines, do not easily flow back through the light
cylinder into the corotating magnetosphere. (ii) The
neutron star surface is a copious supplier of electrons,
but not of positive ions.

If the magnetospheric plasma is not initially com-
pletely charge-separated, it can supply the star with
both an inflow of negative charge to replace the
electrons which leave it and an outflow of positive
charge to resupply that lost through the light cylinder.
But this cannot continue indefinitely. Ultimately, in
response to the outflow of positive charge through the
light cylinder, the positively charged magnetosphere
at the surface of the star begins to pull away from the
surface and produces a growing gap. Wherever the
near magnetosphere charge density is nonzero,
E-B = 0. A component of E anchored on surface-
bound net positive charge gives E-B # 0 only in gaps
where the magnetosphere density vanishes. We can
exhibit exact solutions only for a few special cases.
For example, if the stellar surface binds both negative
and positive charges while the, by now, charge-
separated magnetosphere loses charge from closed as
well as open field lines, then a simple exact solution
can be exhibited for an axisymmetric pure multipole
magnetic field: In the Appendix a rotating magneto-
sphere is derived for a rotating neutron star with an
aligned pure dipole magnetic field. It differs from the
usual solution in that the magnetosphere charge
density is given by equation (1), but its angular fre-
quency (Q) is less than that of the neutron star (Q¥*).
The magnetosphere is separated from the star by a
spherical gap of thickness 4, and the two rotation
speeds are related by

QO 3[(R+K? 2 R
- [ R §(R+h)3] (132)

QR 5
=(1+3m2/R?) (h<R). (13b)

For the dipolar magnetic field, the electric field and
associated charge density in the magnetosphere are
quadrupolar and exactly that of a normal magneto-
sphere rotating at Q; in the neutron star, the electric
field is E = —(2* X r) X Bjc. The electric field in the
intervening vacuum gap is complicated. Although
E-B # 0, it vanishes at the base of the magnetosphere.
At the pole the gap electric field at the neutron star is
normal to the stellar surface and is given by

208

E, p

h (h< R); (14)

and the potential across the gap, at the pole, is

%
AV = 925112. (15)

(We have discovered no instability in the above gap
solution.)

We emphasize that the usual demonstration of co-
rotation for the magnetosphere of a rotating mag-
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netized star fails in this case, and in general, if E-B
does not vanish everywhere along magnetic field lines
connecting the star and its magnetosphere (see the
Appendix and Gold 1959).

A case of physical interest consists in the gap
formed when positive charge flows out along the open
field lines emanating from the polar cap of radius
r,, (fig. 1 and eq. [4]) and the surface binding of ions
does not permit its replacement from the star. When
the thickness of the gap 4 « r,,, the relationship be-
tween 4 and the potential drop along a field line
traversing the gap is the same as that of equation (15):

AV = 2mpi® = Q*B 21 . (16)

In equation (16), p, is the positive charge density,
given by equation (1), which was in the gap region
before the gap was formed and is now held by the
surface. In this limit of very small 4, E-B above the
gap is therefore just what it was without the gap, i.e.,
zero. The geometrical structure of the gap is given
schematically in figure 2: in addition to the gap
ab’ = de' = h, a gap also forms along the open field
lines which pass the edge of the polar cap of radius
r,,. This separation cc’ = h also, except near the
corner b’. In this part of the gap E and B are orthogo-
nal so that E-B = 0. Outside of the region cbadef the
near magnetosphere and the star corotate like a rigid
structure with angular frequency Q*. Within the iso-
lated magnetosphere polar-column region ¢'b’e’f” there
is a variable Q' < Q*, parallel to 2* and constant

Fi1G. 2.—Magnetosphere of a rotating neutron star (angular
velocity Q*) with an antiparallel dipole field and a polar gap
above the surface in the polar region ad. There is zero charge
in the magnetosphere between the solid and dashed lines;
additional charge is designated only within the star. The
magnetosphere between the equator and the cone of abc and
def corotates with the star. The magnetosphere within the cone
of ¢’b’e’f’ rotates with angular velocity Q' < Q*: Q' is constant
only along magnetic field lines. Significant departures of
E-B from zero occur only within the polar gap ab’e’d.
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along, but varying between, field lines (cf. the Appen-
dix).

As h increases and approaches r,, equation (15)
begins to fail. The plasma within the polar column
retreats further from the boundary cbadef and ulti-
mately disappears, so that the entire column above the
polar cap within r, is empty. An analytic solution is
possible for R> r, and a uniform magnetic field
normal to the stellar surface: E-B falls off exponen-
tially along all field lines in the gap like exp (—z/r,);
its maximum values are achieved along the central
field line, and it falls to zero along the boundary field
lines at r, (cf. Appendix). But for any field structure
the combination of § E-ds = 0, E-B = 0 along a gap
boundary field line, and the known E | B within the
stellar surface gives

QB, , QO
TC—rp —%’ (17)

Anm=f E-Bdz =
0

where @ is again the total open field line flux from the
polar cap (which is sensitive only to the dipole con-
tribution). This is, of course, just the result of equation
(8) and of equation (3.7) of Sturrock (1971). Equation
(17) gives the maximum possible potential drop along
any magnetic field line within a polar gap—a relation
which will have a direct application to predictions of
pulsar turnoff when sufficiently long periods are
reached (§ VII).

V. LIMITATION OF GAP HEIGHT BY VACUUM BREAKDOWN

The gap thickness /4 will grow at a speed near c if the
outward flow of positive charge through the light
cylinder approaches that of equation (10). But the
potential difference across the gap grows like 42, so
that ultimately the gap will be discharged by an ava-
lanche of electron-positron pairs. In the huge gap
magnetic field any y-ray whose energy greatly exceeds
2m,.c? may generate an e~ -e* pair. (Even the natural
background for such y-rays exceeds 10° s~* onto the
polar cap.) In the E-B electric field within the gap,
both created particles are accelerated along magnetic
field lines to extreme relativistic energies comparable
to eAV of equation (16). (For B =z 10!2 gauss,
Qx2rs™!, and & ~ 103 cm, eAV ~ 10*1eV.) The
electrons moving along the curved magnetic field lines
emit ““curvature radiation,” the photons of which have
a characteristic energy

Eon = fiw 3 3y%iclp, (18)

where p is the radius of curvature of the field line
along which the electron/positron of energy ymc?
moves. These photons are emitted within an angle y~*
of the velocity of the relativistic charge particles that
radiate them. For e~ or e* which have been accele-
rated to energies eAV x 10! eV, these curvature
radiation photons are sufficiently energetic that they
may themselves produce additional electron/positron
pairs on neighboring magnetic field lines. The mean
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free path [/ of a photon of energy 7w > 2mc? moving
through a region of magnetic field is (Erber 1966)

jo 44 7B (4).

= @hoyme B, P \3y )’

_ #hw B

X=5-55 <. (19)

Here B, = m?c®/efi = 4.4 x 103 gauss; B, = Bsin 6,
with 60 the angle between the direction of propagation
for the photon and the magnetic field B. (The mean
free path is infinite and no pair production takes place
if B, = 0.) In a complete discharge of the gap, the
charged particles produce curvature radiation that
goes on to produce further pairs that are accelerated
and produce more pair-producing curvature radia-
tion, until a pair avalanche is formed (fig. 3). Such a
discharge will grow exponentially in time when the
relevant photon mean free path / becomes comparable
to the gap thickness 4. We shall consider a quasi-
steady discharge in which / ~ A: the precise value of /
is not too important, since the useful condition we
derive specifies y of equation (19) and small changes in
x correspond to exponentially large changes in /.
(The extreme sensitivity of the discharge growth to
small variations of the gap thickness may be reflected
in the erratic nature of pulsar subpulses.) Curvature
radiation photons are initially made almost tangent to
B so that locally sin 8 = B,/Bx 1]y = 0. To reach a

FILLED CHARGE-
SEPARATED
MAGNE TOSPHERE

STELLAR SURFAC
E-B=0

Fi1Gg. 3.—Breakdown of the polar gap. The solid lines are
polar field lines of average radius of curvature p; for a pure
dipole field p ~ (Re/Q)Y2 ~ 108P12 ¢cm, but for a realistic
pulsar one expects p ~ 10° cm if many multipoles contribute
near the surface. A photon (of energy > 2 mc?) produces an
electron-positron at 1. The electric field of the gap accelerates
the positron out of the gap and accelerates the electron toward
the stellar surface. The electron moves along a curved field
line and radiates an energetic photon at 2 which goes on to
produce a pair at 3 once it has a sufficient component of its
momentum perpendicular to the magnetic field. This cascade
of pair production—acceleration of electrons and positrons
along curved field lines—curvature radiation—pair production
results in a “spark > breakdown of the gap.
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B, sufficient for a significant probability for pair pro-
duction, they must go a distance directly propor-
tional to the field line curvature p. After going a
distance 4,

B, ~ hBp. (20)

From equation (19), the condition that the curvature
radiation photons produce a pair in the gap is that
x~ ! = 15, so that

She (@B 1 KB 1 o
2p \mé® ) 2m?pB,~ 15’
or

ha 5 x 1092 P B, 4Tem,  (22)

where By, = 7-B,[10'2 gauss, pg = p/10° cm, and P is
the pulsar period. In subsequent calculations we
assume that the typical radius of curvature of the
magnetic field lines very near the pulsar surface is
~ 108 cm. This would not be the case if the field were
strictly dipolar, but it seems more reasonable to
assume the field has many higher multipole compo-
nents which will contribute most strongly near the
surface; in any case /4 is only weakly dependent on p.
We emphasize that the fundamental criterion for
determining the gap parameters, y ! & 15, has very
little latitude so that curvature photon energies do not
depend sensitively upon other, unknown, parameters:

Eph ~ ,yShc/p oC QSB3hGP—1 oC (pSQ3B—3)1/7 .

The potential difference across the gap for B, =
10*2 gauss, Q = 27, and p = 10%cm is

N 9BH
~ ¢ =

AV 1.6 x 1012B,,~YTP-1Tp 47V | (23)

so that electrons and positrons in the gap may be
accelerated to relativistic energies with y ~ 3 x 108,
The component of the electric field along B in the

gap is

QB,
(4

E~2 th - 2), (24

which vanishes at the top z = h. At the bottom,
z=0, with A ~5 x 103cm, P = 1s, the electric
field is of order 10° Vcem™?! at breakdown, entirely
negligible relative to that needed to pull ions from the
surface.

It remains to be shown that the curvature radiation
from the particles produced and accelerated in the gap
can lead to a quasi-steady discharge of the gap once 4
grows to the value determined by equation (22). We
have considered the energies achieved by particles
accelerated in the gap, the typical photon energies of
the curvature radiation, and the mean free path of
these photons: it is not guaranteed that an ‘““interest-
ing” number of photons is produced per charged
particle as it traverses the gap. The rate of energy loss
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through curvature radiation by an electron or positron
of energy ymc? is

2 2 2\ 2
P= 3%)/4((—;—) . (252)

Thus, in traveling a distance of order /4 the number of
photons of characteristic energy 1.5¢%%cp~* radiated
by the electron or positron is

2p
N, S ymet 3 50 (25b)

VA
"™ 9 fie

for the parameters of a typical pulsar. (Since the
spectrum of curvature radiation goes like w'/® for
o < 1.5y%cp~1, many more lower-energy photons are
emitted.) This number of photons per particle would
seem to be adequate for maintaining a discharge in a
quasi-steady state. Two-stream instabilities and elec-
tron interactions with photons from the discharge-
heated polar cap will be considered elsewhere. The
former is unimportant for the extreme relativistic
plasma of the gap. The latter is significant only for a
very fast pulsar such as that in the Crab. (We note that
a pair avalanche discharge of the gap will not be
sustained by pair production just below the stellar
surface even if positrons formed there escape into the
gap. Curvature radiation, or synchrotron radiation,
from such positrons may have sufficient energy to
produce additional pairs in the stellar surface, but it
is always directed away from that region. Pair produc-
tion within the gap seems crucial.)

In all except the slowest pulsars, the potential drop
across the gap of equation (23) is much less than the
maximum possible, AV of equation (8). Therefore,
most of the pulsar energy loss given in equation (11)
is not used in gap acceleration. We note that this is one
main cause for the differences between many of our
results and those of Sturrock (1971). The upper
bound for the energy flux carried by relativistic
positrons into the magnetosphere above the gap
(E.)is

Q

E, = AVpyenr,? = AV 5-®

~ 1080B126/7p64/7P—15l’7 ergs S—l R (26)

where P is in seconds. We shall show in § VIII that a
substantial fraction of this energy flux is expected to
be converted to coherent microwave radiation in the
near magnetosphere above the gap. Thus, equation
(26) also represents an upper bound to the pulsar radio
luminosity. This result is not inconsistent with the
radio luminosities of those pulsars to which distances
can be estimated (see, e.g., Cavallo 1972; Prentice and
ter Haar 1969).

The flow of energetic electrons back onto the polar
cap will heat it. If we make the extreme assumptions
that all of the cap is irradiated all of the time with the
maximum breakdown electron energy flux, and that
inward heat conduction away from the surface is
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negligible, then in equilibrium the energy flux radiated
away from the surface is

S = 1IAVp,c
~ 2 x 10?* ergscm—2s-1 27N

for a typical P = 1s pulsar. This flux, for all radio
pulsars, is about an order of magnitude less than that
needed to heat the surface to sustain a temperature T
(=T,) such that the ion flux could discharge the gap.
But, even if it were sufficient, the e -e* discharge
would be a necessary prerequisite for maintaining the
surface temperature. Therefore in either circumstance
the gap must grow to a size sufficient for the electron-
positron discharge to be maintained. In the case of the
Crab pulsar the energy flux of the returning electrons
is quite sufficient to lead to the thermal emission of
ions; thus the present model is not directly applicable.
We will consider the Crab pulsar in a separate paper.

VI. SPARKS

a) Structure and Drifting of Sparks: Observational
Consequences

When a discharge begins at some point on the
polar cap, the E-B that has built up across the gap
rapidly falls there. This would be expected to inhibit
the formation of another simultaneous discharge
within a distance ~ /. Thus the gap discharges through
a group of localized “‘sparks.” These sparks inject
energetic positron beams into the magnetosphere
beyond the gap. In a manner to be discussed in
§ VIII, these positrons ultimately produce the plasma
and the bunching which results in the conversion of
much of their energy into coherent microwave radia-
tion. But regardless of the relevance of a particular
detailed radiation mechanism, it is reasonable to
suppose that the location of the sparks on a polar cap
determines the geometrical pattern of instantaneous
subpulses within a pulsar’s integrated pulse profile.
The intensity of the spark discharge may fluctuate as
the electron-positron plasma increases (decreases) and
the potential drop decreases (increases), but pre-
sumably it only rarely turns off entirely. Within the
polar gap, sparks circulate in a calculable way with
periods which seem to match those of the observed
so-called drifting subpulses. Electrons and positrons in
a spark do not exactly corotate with the stellar surface
until E-B = 0 everywhere along it. (This drift relative
to the surface would appear as a displacement rather
than a subpulse motion if the discharged particles
always moved away from a fixed point on the polar
cap of the star; it is only the flow back to the surface
that causes the spark region to drift.)

We consider a spinning neutron star whose mag-
netic polar cap is not aligned with its spin axis—the
sort of geometry which would give possible pulsar-
like radiation patterns if beams of radiation are asso-
ciated with the outflowing positrons beams. For
simplicity we approximate the magnetic field within
the polar gap as constant in magnitude and normal to
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the stellar surface there. Then in the absence of the gap
when corotation prevailed the electric field was tangent
to the surface and had a magnitude |[( X r)/c] X B|.
The presence of the gap changes the tangential velocity
within the gap and thus alters the corotation velocity
given by

EX B
In figure 4, a spark is represented in a polar gap
“pillbox”* as it passes over the horizon. In the near-
field zone

E.ds =0, 29
i

an exact result when the magnetic field has axial
symmetry about the spin axis. Therefore,

9€AE.ds ~0,

where AF is the change in electric field caused by the
gap. For the closed contour abfea of figure 4, AE = 0
on the segment ab along B because E-B = 0 at the
polar gap boundary. Similarly AE = 0 on bf which
lies just within the stellar surface where equation (2)
is always satisfied. Therefore,

f AE-ds = f E-Bds. (30)
a f

FiG. 4.—Schematic of a rotating neutron star with dipole
moment somewhat inclined to the rotation axis. The polar cap,
of base diameter 2r,, moves at fixed latitude. A spark ef’in the
gap abcd drifts counterclockwise on a circular path (dashed
line) on the polar cap centered on the magnetic field axis.
This spark feeds relativistic particles onto field lines: coherent
microwave radiation is produced tangentially to these field
lines far above (~ 10® cm) the stellar surface.
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For the right-hand side of equation (30), the potential
drop over the length of a spark, we can use AV for
breakdown given by equations (23) and (22). But
eAVis ~10'2 eV for all pulsars, depending only upon
B and P to the 1/7 power. With the approximation
{ae) ~ r,,[2, the average drift velocity of the sparks
around the magnetic pole of the neutron star has a
magnitude

AV
Bo= e (1)

The time (P;) for a spark to make a complete pre-
cession revolution about the magnetic pole is given by

p _ Brp+2
P; =2n N7 32)
Then from equations (4), (6), and (32)
Py 20, 5o B
N 5.6 Pz S 33)

with the period P of equation (33) in seconds, R =
10% cm, and eAV = 10*2eV. An arbitrary observer’s
direction relative to a pulsar beam will generally
permit him to see radiation from sections of the full
beam; P; will be the period for a subpulse which will
appear to drift through the beam envelope, and dis-
appear to return to its initial position. The sense of the
observed drifting depends on whether the direction to
the observer is above or below (relative to the rotation
axis) the magnetic dipole axis. Equation (33) can be
compared with the reported periodicity P for drifting
subpulses. (A similar drifting of the spark discharge
might be expected in the Sturrock 1971 model; how-
ever, the potential drop in his model is essentially that
given in our egs. [8] and [17] and leads to P; = P for
all pulsars.)

A schematic representation of typical drifting sub-
pulses is given in figure 5. A long-time average over
many pulses gives a broad envelope whose width is
typically of order 5-10 percent of the pulsar period.
But a single pulse consists of much narrower subpulses
which appear to move through the pulse envelope and
disappear. The period P; is that for a particular sub-
pulse distribution recurring. The period P, is the
separation between successive subpulses. (A more
complete discussion of the kinds of rapid fluctuations
in intensity and phase characteristic of many pulsars
is given by Taylor and Huguenin 1971.) The spark
model very strongly suggests the association of Pj;
with the period P; for drifting sparks; i.e.,

Py~ Pyn, (34)

where # is the total number of spark discharges around
a polar cap. Backer (1973) summarizes the observa-
tions of P; with the categorization P; < 10P for
P > 0.75sand P; > 10Pfor P < 0.75s. Remarkably,
this is just the separation given by equation (33) with
Byy/n = 1. Of course, magnetic field irregularities can
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INTEGRATED
PULSE PROFILE

PULSE NUMBER
o>

4
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1 1 1 )
0° 10° 20° 30°
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F1G. 5.—Schematic (after Backer 1973) of integrated pulse
profile, arrival times of individual pulses, and definition of
Py, P; for those pulsars showing the ‘drifting subpulse”
phenomenon. Arrival times of individual pulses are given in
terms of a longitude for which 360° corresponds to the full
Yulsar period.

make the drifting more complicated and may even, in
many pulsars, pin sparks and prevent ‘“drifting.”” But
the agreement with the predicted P; is nontrivial
since, except for B, ,, there is no sensitivity to unknown
parameters, and there is abundant independent sup-
port for about this magnetic field strength.

The ‘““period” P, has a natural interpretation in
terms of the distance between sparks. If we assume
(cf. § VIII) that the spark-injected positrons somehow
cause coherent radiation of a subpulse to be emitted
far from the polar gap tangent to the open field line
along which they move, then there is a predicted
relationship between P,, P, the total measured width
of the long-time-averaged pulse envelope (,,), and the
spacing (s) between sparks on the star’s polar cap. In
the dipole-dominated region at a fixed distance from
the star the angle 6 between the tangent to an open
field line and the polar axis, and the distance from the
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REGION FOR
FREQUENCY w

e

p

FiG. 6.—Notation for emission angles of radiation initiated
by sparks, a distance s apart and from sparks at the limits of
the polar cap, 2r, apart. 2aP,P~1 ~ 6; + 0,.

pole on the polar cap r,, are related by 6 oc r,, (see

fig. 6). Then
s P, (360°
()~ % () 9

Backer lists P, for three ““linearly” drifting pulsars for
which the period can be obtained without ambiguity.
These are compared in table 1 with calculated P,. In
equation (35), for P,, s is expected to lie not far from
the gap height 4 (in the limit 2 < r,,); for s = h we
obtain the results of table 1. The agreement between

TABLE 1

COMPARISON OF OBSERVED AND CALCULATED* SUBPERIODS P,
FOR THREE PULSARS

0.(%)

Py(theory) Po(obs.)
(ms) ms)

Pulsar P(s)
2303 + 30.. 1.6
2016 + 28....... 0.6
0809 + 74....... 1.3

8 20 20
12 10 11
30 50 60

* From eq. (35).
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theory and observation does not discourage the inter-
pretation of P, as an expected spark separation
phenomenon.

With this view of pulsar radiation maintained by a
distribution of sparks across the polar gap, one is
tempted to look for analogies with the observed be-
havior of more familiar spark discharges. Abrupt
changes in spark patterns may correspond to sudden
changes in pulse structure observed for some pulsars
(e.g., PSR 1237425, discussed by Taylor and
Huguenin 1971).

b) Time Structure of Sparks

When part of a polar gap begins to break down into
a spark, the initial electrons and positrons feel the full
potential AV of equation (23) (~10*2 V). This poten-
tial does not drop greatly until the electron and posi-
tron density reaches that of equation (1) as it is created
and pulled apart in the gap electric field, equation (24).
Only then does the net charge density in the gap ap-
proach that necessary to bring E- B back to near zero.
The time (7,) needed for the conversion of a photon
to an e~-e* pair in the gap is ~//c ~ h/c. To reach the
density of equation (1), 10'® pairs cm~2 must be
created. Although the precise cross-sectional area of a
spark is unknown, the growth and fluctuation time
scales should be ~(30-40)r, ~ 10us, and a similar
time scale would be expected in spikes in very short-
time-resolution observations of individual pulses in
pulsars. Spikes with this kind of width have indeed
been reported by Hankins (1971).

A quantitative description of the time dependence
of the energy and flux of spark positrons injected into
the region above the gap would be needed to support
a more exact calculation of the coherent radiation
they ultimately produce than that which we shall offer
in § VIII. Roughly during the beginning of the growth
time  the injected positrons have y, ~ 3 x 10°. This
will drop toward y ~ 1 as the separating gap plasma
reaches the density p,. However, even a drop of about
2 in y, will stop the curvature radiation from produc-
ing additional pairs in the gap. The characteristic drop
in y, from its maximum at the beginning of the pulse
to much smaller values as J, grows is an important
feature of spark-injected positrons for their subsequent
role in causing coherent microwave radiation.

VII. PULSAR TURNOFF; APPARENT AGING EFFECTS

As pulsar periods lengthen, the gap thickness A
grows in order to keep eAV = 10*2 eV and maintain
spark discharges. But for sufficiently large /4 (com-
parable to r,,), AV no longer continues to increase
significantly with 4. Instead, the limit of equation (17)
is approached. When this limit falls below the poten-
tial drop necessary for forming any spark, current
from the polar cap is terminated and the spinning
neutron star is no longer a pulsar. This is essentially
the pulsar turnoff mechanism proposed by Sturrock
(1971).

When the gap thickness / approaches and exceeds
p,, as it ultimately must when the pulsar period P
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continually increases, the gap electric field begins to
drop exponentially with height z: E = exp (—z/r,).
Then even as A — oo, the pair-produced discharge
electrons produce curvature radiation to continue the
discharge development only within r,, of the pulsar’s
surface. Thus in a discharge the largest effective dis-
tance an electron-produced y-ray propagates before it
should make a pair is ~r,, when it is moving through
a perpendicular magnetic field

B, % (rp,/p)B, (36)

where p is the radius of curvature of the flux line along
which the electron was accelerated. This is the analog
of equation (20) for gaps with 4 — co. The maximum
energy of such an electron is given by equation (17):

1 QB QO
AV =375 104" = g

where r,, is given by equation (4). As in § V, the
maximum electron energy results in the characteristic
curvature radiation whose energy is given in equation
(18). For pair creation to continue, the combination
defined in equation (19) is

, 37

_ hw Beh _ 1
X=omEm?c % 15 (38)

(cf. eq. [21]). From the inequality (38) and equations
(37), (4), (36), and (18), the maximum period P
above which a gap discharge cannot exponentiate is

Poy, = LTBy S 0RGENpe=419(15) "0 5 (39)

This reduces to essentially the result of Sturrock (1971)
if pure dipole curvature is used for pg. This equation is
not of immediate use in analyzing observed pulsars
without some independent way of determining the
magnetic field strength. The canonical way to deter-
mine B is through equation (11), inverted for B:

Ic?

2 -
B = oo

PP, (40)
where [ is the total moment of inertia of the neutron
star. The parameter I/R® varies by almost two orders
of magnitude for the full range of stable neutron stars
(see, for example, Baym et al. 1971). However, theo-
retical models for the genesis of neutron stars suggest
that they should be formed with a mass near the
Chandrasekhar limit ~ 1.3 M, (see Ruderman 1972a);
in that case 7/ R® has a much more limited range. In the
results discussed below we adopt the M = 1.25 M,
neutron star model of Baym et al. (1971) with I =
6.24 x 10** gcm?, R = 8.1 km. In figure 7 we have
plotted PP versus the pulsar “‘age” P[P for the 28
pulsars for which P and P are known (we have not
included the data for the Crab and Vela pulsars): the
data are taken from the compilation of Terzian
(1973). Equations (39) and (40) together with the
inequality P < P, and ps = 1 = 15y imply that ob-
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Fic. 7.—Relation between PP [assumed proportional to
(B;s%)?] and the pulsar.“age” = P/P. The data is taken frpm
Terzian 1973. For PP, P is measured in seconds and P in

nanoseconds per day while P/P is measured in years. The solid
line is the theoretical pulsar turnoff boundary given by eq.
(41). The dashed line assumes the pulsar “brakmg index”
n = 2.5 as in the Crab pulsar rather than » = 3 as in eq. (11).

Note that the relatively young pulsar with the largest PP,
PSR 0525421, has the longest period (yet observed) and
presumably the strongest dipole field.

servable pulsars should lie to the left of the line shown
as

PP = const. (P/P)~185 41)

It has no arbitrary parameters once the mass M =
1.25 M is chosen. For less massive neutron stars,
I/R® is smaller and this critical boundary line moves
further to the left.

For the parameters chosen, all pulsars but one do
indeed lie to the left, although the slope of —13/5
seems to be somewhat steep for the data. This slope is
of course changed if the —Q oc Q3 braking relation-
ship which resulted from equation (11) is replaced by
one with an arbitrary braking index n: —Q oc Q.
Since there are other contributions to the braking
torque acting on the neutron star in addition to that
due to the completion of the homopolar generator
circuit in the neutron star (for example, the low-
frequency radiation torque in the oblique rotator
case), the measurable braking index » is not known
theoretically, even if the total current through the
polar caps of the pulsar were determined. The only
pulsar for which # has been measured is the Crab
pulsar (for which the present pulsar model is not
directly relevant). Boynton et al. (1972) report n =
2.5. This seems to give a better boundary for the ob-
served points of figure 7 than does n = 3, although the
absence of a theoretical model introduces an arbitrary
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proportionality constant into equation (41). Although
the slope of the critical PP ~ B? versus age cutoff
curve is uncertain, the existence of some such line with
the approximate slope shown follows in the present
pulsar model from equation (36). It implies certain
points in the interpretation of a plot of PP versus P/P
(i) The older pulsars, defined as having greater ‘““ages”
(P/P), are observable as pulsars only for smaller
PP ~ B2 Because P[P specifies how long a pulsar
lives at that age, a bunching of pulsars is expected near
the critical turnoff boundary with a preponderance of
older pulsars with smaller PP since these have the
largest P/P. This will, of course, appear as a decrease
in PP ~ B? with age in old pulsars if all observed
points are interpreted (incorrectly) as corresponding
to a single approximate evolutionary track (Gunn and
Ostriker 1970). (ii) Very long-period pulsars, to be
observable, have particularly large surface magnetic
fields. (Indeed, the longest period pulsar, PSR
0525+21, with P = 3.75s, has the largest PP of the
pulsars plotted in fig. 7.) (111) The previous two points
lead to selection effects in pulsar data and the deter-
mination of the braking index from a plot of, say,
IQQ versus P/P For a given (older) age, pulsars with
high PP are m1ss1ng, for a given longer period P, the
smaller B ~ (PP)'? are not observable as pulsars
Because of these selection effects in pulsar data, even
if each pulsar had the same braking index, n = 3, a
plot of I1QQ versus P for all pulsars would be best
fitted with an index #» > 3. Thus the fit which yielded
n = 3.4 for this index (Ruderman 1972a) may not at
all, as suggested, imply » > 3 for individual pulsars.

The contribution of the homopolar generator part
of the pulsar braking torque would be expected to
decrease below that of equation (11) with increasing P
as spark separation increased. This would tend to
make n > 3. A decrease in angle between  and B
would tend to increase gap currents and give n < 3
for the related part of the braking index.

VIII. COHERENT MICROWAVE RADIATION FROM THE NEAR
MAGNETOSPHERE

In the continuing breakdown of the polar gap dis-
cussed in §V, the primary positrons accelerated
through the gap and into the magnetosphere give most
of their curvature radiation after they have passed
above the gap. The maximum energy of these posi-
trons after crossing the gap is (see eq. [23])

eQBh?
Epox = 'yma.xmcz = P
or
2
Ymex = 1.2 10751;£. “2)

Once above the gap, they are in a region where
E.-B = 0, and further acceleration ceases in the near
magnetosphere. These positrons move along curved
magnetic field lines whose radius of curvature near the
stellar surface, p, is assumed to be of the same order
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as the stellar radius since many multipolar com-
ponents probably contribute to the near magnetic
field. The curvature radiation produced by the posi-
trons has a characteristic photon energy

3 s fic

3}, 6
fiw, = z'}’max 77_ = 54 x 10¢ ———-——B12 hy

s Qme) . @)

(The spectrum of curvature radiation has a maximum
at w, = 3y°c/p above which the spectrum falls ex-
ponentially and below which the intensity ~ w'/3.) As
emphasized in the discussion following equation (22),
because of the nature of the breakdown condition, the
photon energy of equation (43) is not a very sensitive
function of the various parameters. With the param-
eters of § V, ie., Bio =1, pg =1, P=1s, and 5,
determined to be 0.5, we have 7w, ~ 800 MeV. The
lifetime of the primary positrons against radiating
away their energy by transverse (curvature) radiation
is

ymc?

&R “49)

_E_
T=3p=

The most energetic positrons, those with y X ypay,
radiate away their energy in a distance ¢t = 10 cm
above the polar cap if p & 10° cm while less energetic
positrons produced in the latter phases of a discharge
keep most of their energy out to much greater dis-
tances since ¢t oc vy~ 3. It might appear that the dis-
tance through which the most energetic positrons
travel before radiating away much of their energy is a
sensitive function of their assumed total energy. But
this is not really the case because it is these same
positrons and their curvature radiation that must also
produce the gap breakdown. Were y ., small enough
that the distance for conversion of positron kinetic
energy to curvature radiation greatly exceeded 10° cm,
the gap would not break down. Rather it would
grow higher to accelerate subsequent positrons to
greater energies. Thus the most energetic positrons
must always radiate away most of their energy within
~10% cm of the stellar surface. As the spark discharge
develops and fluctuates, somewhat less energetic
positrons are produced. Most may reach the region
sufficiently far above the stellar surface where p
increases enough to allow them to leave the near
magnetosphere without much more radiative loss.
The curvature radiation photons produced by the
primary positrons have energies well in excess of
2mc?. They originate sufficiently close to the neutron
star (within 10° cm for the most part) that their mean
free path for pair production on magnetic field lines is
again ~ 10* cm. Thus most of the energy in the more
energetic positrons (y X ymax) i converted, through
this two-step process, to outward-moving electron-
positron pairs in the near magnetosphere. Since these
pairs are produced in the magnetosphere in which
E.B = 0, there is no acceleration along the field lines.
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Further curvature radiation by these pairs has a
characteristic frequency

3 c

We = x5 is -

375 (45)
If initial transverse and relative energies of the photon-
produced e~-e* pair are neglected, then y, is simply
fiw,[2mc? as given in equation (43). We shall make this
approximation in all further estimates. But this
neglect, which assumes that there exists a comoving
frame in which all e~ and e* are at rest, is probably at
best crude and may be quite poor. At distances much
more than 10° cm above the stellar surface where the
field lines are mainly dipolar, the radius of curvature
of the open field lines at r is

re\2 9 1/2 .
p=2 a = 1.4 x 10%(rgP)*?>cm;  (46)

the equality holds for the last open field lines (those
with “‘feet” at the edge of the polar cap). With
y. =~ 800, the frequency of equation (45) falls into the
radio band (w27 = 10° Hz) for p ~ 10° cm.

However, the efficiency for single-particle, inco-
herent, curvature radiation in the magnetosphere is
negligible. The fraction f of the total energy E radiated
by a particle as it moves along a trajectory of curvature
p is, from equations (43) and (44):

Pplc 2 €® hw,

S="F “3kme’ @)

where #iw, is the photon energy of the curvature radia-
tion. Since w, ~ 10*°s~%, f~ 1073, That single-
particle incoherent radiation is inadequate in explaining
pulsar radiation is, of course, well known and not
very surprising—the remarkably high brightness tem-
peratures of order 10%°°K of some pulsar radio
emission certainly means that the radiation must be
produced coherently. However, the stream of secon-
dary electron-positron pairs produced in the near
magnetosphere is' ultimately bunched at about that
distance from the neutron star at which f, is in the
radio band, where f,, is the frequency of curvature
radiation into which the pair kinetic energy is most
efficiently pumped by the bunching. This bunching of
the relativistic pair plasma stream (y, X 800) arises
from its collective Coulomb interaction with an even
more relativistic stream of positrons which passes
through it. These are the primary positrons with initial
Y X Ymax after y has been reduced through curvature
radiation and also those gap-produced positrons pro-
duced when the fluctuating potential drop falls below
that of equation (16). Because of their reduced y’s,
these positrons have negligible further energy loss,
and they catch up with and ultimately pass through the
slower moving pairs. This beam of positrons pumps
the classical ““two-stream instability”’ that leads to the
bunching that enormously enhances coherent curva-
ture radiation from the pair plasma as discussed
below. Bludman, Watson, and Rosenbluth (1960) have
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shown that in the rest frame of a cold neutral plasma
through which a low-density relativistic charged beam
moves, there is a most rapidly growing plasma bunch-
ing instability with strong beam-plasma coupling very
near the plasma frequency

, 4rmn’e?\1/2
w, ® ( — ) , (48)

where n’ is the number density of charges in the rest
frame. The wave vector of the plasma instability is
directed along the relative streaming velocity, parallel
to the magnetic field. In our case where this velocity is
relativistic, the wavenumber of the unstable mode is
k' = w,’[c. Thus the unstable plasma wave has just
the transformation properties of a photon: in an
observer’s reference frame in which the cold plasma
itself is moving relativistically with Lorentz factor y .,
this growing unstable mode has a frequency

wp = 240, (49)

and k = w,/c.. Thus it has just the frequency-wave-
number relation and speed of a photon. In the plasma
streams above the polar gap of the pulsar, the cold
plasma is simply the stream of secondary electron-
positron pairs, and the much lower-density relativistic
beam which passes through it to feed the plasma in-
stability is composed of the ““primary” positrons with
¥ < Ymax- The density of pairs in the plasma stream in
its rest frame is n’ = n/y,, where n is the pair density
in the observer’s frame. Because the pair plasma moves
out along diverging field lines, its density decreases
with increasing r. Well beyond the gap where other
magnetic multipoles are unimportant the region of
open, dipolar field lines gives n ~ r~3. The maximum
density of primary positrons in the gap is

Porimary = QB{?[2mec . (50)

For y X ymax they produce y,..(2y.)~ ! secondary
pairs above the gap. Since both the primary and
secondary particles are constrained to move along the
magnetic field lines, the maximum density of secondary
plasma pairs in the near magnetosphere then is

~ Ymax QBs(d) (-R)3

n — —
secondary ~ 2'}’i 21T€C

2 (51)
From equations (48), (49), and (51) we calculate the
frequency of the bunching mode in the observer’s

frame:
2y max€2BR3\1/2
G (52)

If the frequency w, of equation (52) is much greater
than o, of equation (45), then the bunching from the
growing plasma wave is ineffective in enhancing the
curvature radiation. Its spatial and temporal oscilla-
tions are so much more rapid than those of the emitted
electromagnetic waves that effective bunching averages
to zero over relevant times or distances. But as soon
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as w, drops below w,, the bunching can be extra-
ordinarily effective. Because curvature radiation does
not fall sharply for v < w,, there is always some mode
of the curvature radiation that is greatly enhanced by
bunching on a time scale w,™!. The intensity of the
resulting coherent radiation depends on the bunching
amplitude and on the time this mode can remain before
dissipating its energy into other degrees of freedom of
the plasma.

Before proceeding further with a discussion of the
geometry of the radiating region and the spectrum and
polarization of the radiation, we show that the bunch-
ing instability in the pair plasma that produces the
coherent radiation develops sufficiently quickly and
that the amount of bunching is enough to make the
radiation efficient. The maximum growth rate of a
bunching instability induced in a cold neutral plasma
by a relativistic beam is (see Bludman e? al. 1960)

. () = 0.69(w,%w )73, (53a)
wnere
52\ 1/2
. = (4—”-”;n—e) , (53b)
, 4mn, 2\ 12
w, = ( ;”132 ) . (53¢c)

Equations (53a)-(53c) are valid in the rest frame of the
cold plasma where n_', n," are respectively the number
densities of charged particles in the plasma and in the
beam. For y, < y, € Ymax We have

, 1
h, = 'y_i Nsecondary » (54a)
, 1
Yo = 2. Vb s (54b)
ny = = n (540)
b 2 Ve b -

Because of the diverging dipolar field lines which
guide the plasma streams, both n, and #gcongary
decrease as (r/R)~3. If, as expected, n,(r ~ R) ~
Rprimary ~ QB(2mec)™1, then in the observer’s frame
equations (51) and (53) give

= (rar) R (2393)1’2(R)3’2 1 (ymax)”"
= (.t a (Z223)F(2) L (Ve

mc r Yo \ V=

6 8
~ 60 x (&) X (ﬂ)a’zs-l (55)

7o r

for a P = 1 s pulsar. The primary positrons that sur-
vive beyond rp, ~ 108 cm, where w, ~ w,, have
v» S 108, There 7 ~ 10~2s, sufficient to put most of
the relative two-stream energy into bunching within a
distance of a few rp,;,. The amount of bunching which
can result follows from the energy put into this plasma
mode: Let Z be the net charge within a bunch (due
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either to excess electrons or positrons) whose charac-
teristic dimension is

| ~ 2mclw,’ . (56)

The maximum value that Z can attain is therefore de-
termined by an energy balance between the energy
needed for bunching and that generated by the two-
stream instability, E, per pair plasma particle:

ZE, ~ (Ze)l. (57)

For v, ~ 10% and n, ~ Pypimarys Ex & mc? = 1 MeV;
then with w, = y,w,’ = 10°s71, [ ~ 1.5 x 10*cm
and Z ~ 10'7. With such bunching the fractional
efficiency for curvature radiation given in equation
(47) is raised from about 10-!® to about 10% This
implies that such strong bunching could cause the
pair plasma to lose much of its streaming kinetic
energy to curvature radiation in a very short distance,
10~* p, living a time 107y, 3w, ™. In the rest frame
of the pair plasma, this time is 107%*y_ %w,”! %
107%y,%2w,” 1 ~ 107 %y, (w,")~* since the frequency
of the relevant plasma mode transforms under Lorentz
transformations like that of a photon moving in the
direction of the plasma stream. Since y, ~ 103, the
time in the plasma rest system during which the strong
bunching need subsist for strong coherent curvature
radiation is considerably less than (w,") ~*. Dissipation
of this plasma mode energy takes much longer than
(w,") 1. Therefore, the strong two-stream coupling is
expected to result in a high efficiency for the conversion
of the pair plasma’s streaming kinetic energy to
curvature radiation at radio frequencies.

IX. PROPERTIES OF PULSAR RADIATION: THEORY AND
OBSERVATIONS

a) Intensity

It follows from the argument of § VIII that a con-
siderable fraction of gap-produced positron energy
will ultimately be radiated away as curvature radia-
tion. The maximum positron energy flux is given by
equation (26). Then for pulsar radio emission inten-
sities

1030
Lradio < Lmax = W ergs st s

where P is in seconds—a result which, as mentioned in
§V, is not inconsistent with estimates for coherent
radio emission (Cavallo 1972).

b) Spectrum of Pulsar Radio Emission

The precise frequency regime and other detailed
pulsar radio emission properties depend upon a
geometrical and quantitative description of the emit-
ting region to which we now turn.

Far above the polar cap, the radius of curvature of
the predominantly dipolar field lines that originate
near the pole is

p=4r?/(3x), (58)
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where r is the distance from the neutron star and x is
the distance perpendicular to the dipole axis. Thus the
angular frequency of the curvature radiation from the
electrons and positrons moving along a field line that
passes through (x, r) is

_3. s¢c_9 sxc
wo=5r0l =gt 59)
The pairs are produced on and travel along only the
open field lines, for which (eq. [4])

3
< (3)7 5 (©0)

Strong coherent radiation occurs for w, > w, [the
intensity of curvature radiation decreases below w,
only as (w/w.)'/®]. When this criterion is combined
with egs. (52) and (59), the radiating region has an
interior boundary (see fig. 8) defined by

‘> 16 (zymaxegBR:;)l/erZ'

= 9y, 53¢ me ©1)
This, together with equation (60), completely specifies
the radiating region. The minimum distance from the
star for which coherent curvature radiation is possible

FIXED w

LAST (+)OPEN
FIELD LINE

Fig. 8.—The region of coherent microwave radiation.
Electrons and positrons move out along the open magnetic
field lines. The bunching instability of frequency w, (as
defined in the text) excited by the primary positrons is strongly
coupled to curvature radiation outside the dashed Iline
w, = w.; the bunching may persist out to rma.x. Radiation of
frequency w is produced at a distance from the star given by
eq. (64): w ocr~32, The straight lines pointing toward the
neutron star are the loci of constant tangent (to the magnetic
field lines) direction. Thus, electrons and positrons at the
points «, B, y radiate in the same direction but at respectively
lower frequencies.

© American Astronomical Society ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/cgi-bin/nph-bib_query?1975ApJ...196...51R&amp;db_key=AST

J. - CI96. .. 51RO

R

rT975A

No. 1, 1975

is obtained by using equations (60) and (61) as
equalities:

3/4 3
o = %6 (%) yj% (Zyma;;eBR )”2 ~ 10°cm (62)

with the previously designated parameters.

The curvature radiation from the electrons and
positrons is emitted nearly tangentially (within a cone
of angle ~1/y,) to the magnetic field lines. Thus the
radiation pattern and pulse envelope will be deter-
mined by the tangents to the open field lines at the
points from which radiation of a given frequency may
originate and by the relationship of these tangents to
the direction to the observer. A dipole field line passing
through (x, r) has a tangent at that point that makes
an angle

0 = 3x/2r (63)

with the dipole axis. With the assumption that radia-
tion occurs only at the local “plasma’ frequency w,
given by equation (52), the radiation at frequency
o = w, originates at a distance r from the neutron
star given by

8\ 1/
r = 2(’1&%)1 PRLTN (64)

Equations (60) and (61) delineate the radiating region;
expressed in terms of the angles made by the tangents
to the field lines, and hence by the direction of the
radiation, we have

emin < 0 < emax ) (653)
81 VYmax€QBR3\1/3 us
b = 3 1 (2B P o, (65b)
o = (3 (2) (2B e a5
2 c mc

If the specific dependence of yn,, on B, p, (the radius
of curvature of magnetic field lines in the polar gaps),
and P is included (see equation [23]), then

. B \unr/ o \-15/7
0., = 16 P19/21(W2_) (1_036)

w 1/3
X (1.0 x 1010) > (662)
B \u7( p;\221
— o p-29/42f 2 Ps
omax 16 p (1012) (106)

w -1/3
x (m) - (66b)

The cone angle at which the inner and outer bound-
aries to the radiating region intersect (corresponding to
r = rp; see fig. 8) is 16° for P = 1's, and the radia-
tion from that point has w = wg,, = 1.0 x 101%s~1
and A = Ay, = 20 cm. In general, radiation of the
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highest frequency originates here, and this frequency
is given by

vag = 2 x 100p-etizs( B )T (s Ny gy
max o5 108 :

The prediction of equation (67) that vy, ~ P~67/28 is
not strongly supported by pulsar radio spectra (see,
for example, Smith 1972), although it is generally true
that slower pulsars have lower high-frequency ‘‘cut-
offs.” (In addition to the problem of defining v,
observationally, eq. [67] depends sensitively on un-
known surface parameters B and p,. The region
emitting radiation near vy, is also small in size and
may be expected to emit very little radiation.) A
prediction from this model for the low-frequency
cutoff for the spectrum of a radio pulsar is even less
definite. The generation of coherent radiation depends
upon bunching induced in the electron-positron
plasma by a beam of more relativistic primary posi-
trons. These primary positrons move faster than the
secondary electrons and positrons by essentially a
speed Av = c(2y.?)~%, but originate in the later
phases of a gap discharge, perhaps an average time
At after the most energetic positrons of Az = hc™?1.
This means that the bunching instability may
continue to be excited out to distances

02
Fmax ~ A_l)

From equation (64), the frequency of the coherent
radiation at this distance is

Vin ~ 1.5 x 10" Hz . (68b)

Whether this estimate of v, is useful depends on
quantitative details of the time history of a gap dis-
charge and on further details of the coherent radiation
efficiency (for example, how much pair plasma stream-
ing energy is left at » & 6 x 10° cm). However, the
existence of a vy, in this regime does predict that
pulsar radiation emission should reach a maximum at
a frequency »:

10"Hz < v < 2 x 10°P-57/28 Hz (69)
(with P in seconds).

At ~ 6 x 10°cm . (68a)

¢) Integrated Pulse Envelopes: Shapes, Width,
Frequency, and Period Dependence

The structure of pulse envelopes is determined both
by the direction to the observer and by the geometry
of the radiating region. Radiation at frequency o
originates mostly at a distance r given by equation
(64). The tangents to the field lines at this level define
various radiation cones (see fig. 9a). If the dipole axis
is not parallel to the rotation axis, then, as the radia-
tion cones sweep by the direction to the observer, a
line (the observer’s ““trajectory”) is defined across the
common “base’’ of these cones such that the observer
receives radiation only from points on this line. The
family of nested radiation cones has an inner cone
defined by 0,,(w) interior to which no radiation of
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FIG. 9a (left).—Representation of the radiation cones for a given frequency » defined by the tangents to the magnetic field lines,
at a distance from the star given by eq. (64). These cones are symmetric about the magnetic dipole axis which is inclined with respect
to the rotation axis. The sweeping of the cone past the direction to the observer defines an observer’s path OO’ relative to the cones:
the observer receives radiation at frequency w only from emission angles defined by the intersection of OO’ and these cones.

F1G6. 9b (right).—Representation of the planes of the curved dipole magnetic field lines of the radiating region. The curvature
radiation from particles streaming along the field lines has strong linear polarization with the electric vector in the plane of curvature.
As the direction to the observer moves, relative to the radiating region, along OO’ the position angle sweeps continuously from that

of the plane aa’ to that of the plane ee’.

frequency w originates and an outer cone defined by
0max(w) exterior to which no radiation originates. The
pulse envelope is determined by the observer’s
“trajectory’’; and if this line passes inside of 8,;,(w),
an observer sees a double-humped envelope. If not,
only a single-humped envelope should be seen (see
fig. 10). Since 0;,(w) and 6 ,,(w) are only weak
functions of w, this distinction between one-humped
and two-humped envelopes should be present at all
frequencies, although it is expected that for two-
humped envelopes, at the higher frequencies, the
humps should be narrower and somewhat closer
together. The calculated separation, from equation
(66b), is proportional to w~1/3. This appears to be
compatible with many of the observations of Lyne,
Smith, and Graham (1971).

Because 0., ~ P%?!, the observer’s “‘trajectory”
is more likely to go inside 6, in the long-period
pulsars: one therefore expects these pulsars to have a
preponderance of double-humped envelopes. Long-
period pulsars need not, of course, have double-
humped envelopes provided the observer’s trajectory”
does not pass through 6,;,; but then long-period
pulsars with single-humped envelopes should have
especially narrow envelopes. Similarly, short-period
pulsars may have double-humped envelopes in the
rare case when the observer’s ‘““trajectory” goes very
near the polar axis. When this happens, the full width
of the envelope should also be relatively large. These
qualitative remarks seem to be borne out by the collec-
tion of sample envelopes of Smith (1972). The depen-
dence of 0., on period, 8., ~ P~2°/*2, appears to be

PULSE‘ENVELOPE
INTENSITY
TIME TIME
max |
(a) (b)

FiG. 10.—Schematic representation of the origins of double-
humped and single-humped pulse envelopes. The angles of the
radiation cones are defined by the tangents to the magnetic
field lines: interior to 6, there is no coherent microwave
radiation; 0,y is determined by the tangents to the last open
field lines. When the direction to the observer defines a path
OO’ relative to these cones that passes interior to O, a
double-humped envelope results. The angle 6., increases with
period, roughly as P so that a preponderance of double-
humped envelopes is expected for the longer-period pulsars
but can occur for certain OO’ trajectories even for short-
period pulsars.
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stronger than that suggested by analyses of pulse
widths: 640 ~ P~%% (Gunn and Ostriker 1970;
Roberts and Sturrock 1972, 1973). However, the direct
relation of 6,,,, to the observed pulse width is some-
what clouded by two considerations: (i) although
coherent radiation from any field line starts when
w, > w,, just how far beyond this point it continues
strongly, and whether it extends all the way to 0.,
depends upon the detailed time history of gap particle
production and how quickly and strongly bunching
develops; (ii) observationally, pulse widths may vary
considerably with the shape of the envelope and the
fractional power level at which they are defined.

d) Polarization

In a “typical” pulsar, the radio radiation has strong
linear polarization whose direction sweeps smoothly
over a large range through the pulse, often as much as
180° (see Manchester 1971). As pointed out by
Radhakrishnan and Cooke (1969) and others, this
phenomenon follows naturally in models similar to the
one considered here: Curvature radiation is emitted
tangentially to the magnetic field lines with an electric
polarization vector in the plane defined by that curved
field line whose electrons give the curvature radiation
observed at that instant. Since the open dipole field
lines originate on and diverge away from the polar
cap, the planes defined by their curvature intersect the
observer’s trajectory as indicated in figure 95 and give
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an observed swing of the polarization. In this picture,
if a pulsar has an anomalously narrow envelope, then
one expects the swing of polarization to be corre-
spondingly smaller. This seems to be supported by the
observations (Manchester 1971).

We note finally that essentially all of the radio radia-
tion of typical pulsars is predicted to occur at dis-
tances of order 102 stellar radii above the polar caps.
At such distances, magnetic field irregularities which
may be important within the polar gap or within 10®
cm of the stellar surface are expected to be absent, and
a pure dipole field approximation may be reasonable.
(Many of our estimates have depended only upon the
total magnetic flux in this field component.) The great
complexity of some pulse envelopes must then be
attributed to the nonuniform injection from the spark
pattern in the polar gap. This pattern may also drift,
as discussed in § VI, or even change suddenly. Polari-
zation angles may also be complex when radiation
comes from a few bunches and pencils rather than
uniformly from throughout the emitting region.
More realistic models with nonaligned magnetic
moments have twisted open field lines swept back by
the rotation. In such cases the polarization is more
complicated and may depend upon the injection
pattern. This will be discussed in detail elsewhere.

It is a pleasure to thank Professors R. M. Manches-
ter and M. N. Rosenbluth for helpful and illuminating
conversations.

APPENDIX
EXACT RESULTS FOR SIMPLE GAPS

In this Appendix we present some exact results for simple model gaps and discuss a general theorem on
axisymmetric magnetospheres.

I. SPHERICAL GAP

We consider a rotating (angular frequency Q%) neutron star with an axisymmetric dipolar magnetic field aligned
with the rotation axis (cf. fig. 1). For simplicity, we assume that the neutron star is uniformly magnetized with a
magnetization M = (3=~ 1B,)Z, where z is the common direction of the rotation and dipole axes and B, is the polar
magnetic field strength on the surface [B, is positive (negative) if the rotation and dipole axes are parallel (anti-
parallel)]. Within the neutron star the matter is assumed to be a conductor. Because of the interior uniform
aximagnetization, the interior electric field and charge density are given by

) B, Q%r V-E B Q*
(n) . _ 2P L4 — — _ 7P
E P €15 Pe po e (A1)
where r, = rsin 6 1is the cylindrical coordinate perpendicular to the rotation axis. A corotating perfectly conducting
magnetosphere has an electric field and charge density that ensure corotation:

_E* XX B, _B-2%

E©u) —
c 2mc

e (A2)
For an aligned dipolar magnetic field the magnetosphere charge density is purely quadrupolar. [The above results
are correct to order (v/c)? and hence only valid ““near’ the neutron star—within some radius R « ¢/Q. The de-
parture of the magnetic field from a strictly dipolar form is determined by the Maxwell equation V-B = 4nJ/c =
4mp,(R* x r)/c and is O(v?/c?); the lowest-order corrections may be included but are essentially irrelevant to the
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discussion which follows and will consequently be ignored.] With the exterior and interior electric fields deter-
mined by equations (A1) and (A2), the surface charge density on the neutron star is

©ut) _ gamy.;
o, = EZ—ET) ~%BQR(1—COS29) (A3)

It clearly has both a quadrupole and a monopole component. The total charge of the neutron star as determined by
equations (Al) and (A3) is Q = 1B, Q*R3/c; this can, of course, be directly verified by computing the surface
integral {7~ § E©®".dA4 over any sphere concentric with the neutron star. (The volume and surface charge densi-
ties determmed above may be further analyzed in terms of their ““physical > components—free space charge and
polarization charge-—but this separation is not important to the following discussion.)

We now proceed to the case where the magnetosphere has a gap. This gap, or vacuum, is a spherical shell ex-
tending from the neutron star surface to a height #; the electric field in this gap must satisfy V. E = 0. Because the
stellar surface can retain charge, E-B need not vanish there; but it must at the upper gap boundary with the
magnetosphere. We anticipate that the magnetosphere is not corotating at the angular velocity Q¥ of the neutron
star, but at a different angular velocity Q. The interior charge density of the neutron star is monopolar and deter-
mined by Q*; the monopolar component of the surface charge is determined by the requirement that the magneto-
sphere rotate at angular velocity Q—the net charge of the neutron star must be 1B,QR3/c. There remain two
undetermined quantities: the amplitude of the surface charge quadrupole moment and the relationship of Q to Q*
and 4. These may be obtained as follows. The interior of the neutron star “‘sees’ an exterior quadrupole charge
distribution from the surface quadrupolar charge distribution and the magnetosphere. The field determined by
these must combine with the electric field from the interior charge monopole to give a net electric field E =
—(B,Q*r, [c)é,. In the absence of a gap, the magnetosphere exterior to R’ = R + & “sees” a quadrupole moment
—3(B,Q/c)R®R'?; with a gap extending to height 4, this quadrupole moment must now be reproduced entirely by
the surface quadrupole moment. These two conditions lead to a complete specification for the neutron star and
magnetosphere.

a) Neutron Star

Interior charge density: p, = — B,
© Pe 2me
Surface charge density: o = oy + oyP3(cos 6), (A4)
0 =328 20% + 0),

1 B,Q (R + h)?

b) Magnetosphere

_B,Q (R
(out) _
p ~Seo ( ) Py(cos ) (AS)
and
Q* 3R+ h? RS
05 & [1+3(R+h)5] (A8)

=1+ 34%/R? for h < R.

The potential difference between a point on the stellar surface and one above it at the top of the gap is

_ (QB,R? R? 3(R+m* 1 h
AV = ( 3c ){P 2(cos 0)[5 ®R+F T3 R R+ h] T RERTF h)} ' (ATa)
The electric field (E;) is normal to the surface at the poles and vanishes at the top of the gap. In the # « R regime,
2
E = —3%-31’5, AV=9—%’—h—~ (A7b, 0)

The relations (A7) hold for any sufficiently narrow gap (4 < R) no matter what the multipolarity of the stellar
magnetic field.
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II. INFINITESIMAL POLAR GAP

In the pulsar model of this paper, a gap develops in the polar regions because of the inability of the surface to
replenish the positive ions that drift out of the magnetosphere along the open field lines. In this subsection we
consider the characteristics of such a gap when the gap thickness becomes small compared with the base radius 7,
of the gap. If it is small, the relations (A7b, ¢) hold except near the edge. We consider the limit 4 < r, < R so that
the neutron star surface may be idealized as flat and the magnetic field lines as vertical. The solution has not been
given analytically but is sketched in figure 2. A magnetosphere column separated by 4 from the stellar surface also
separates by this same distance /4 from its cylindrical side boundary. It is as if a uniform negative charge density
—QB(2wc)~ 1 is put into the gap to cancel the usual magnetospheric positive charge there. At the stellar surface, the
electric field components perpendicular to B are unchanged and thus, in terms of the departures of the electric
field and potential from their zero-gap values, the stellar surface acts like an equipotential boundary. Thus the
outer surfaces bounding the gap act just like a conducting surface. The inner surfaces satisfy AE-B = 0 everywhere.
In the limit 4 < r, < R the geometry is rectangular and the region above a ““corner” is similar to one on the surface
side.

III. INFINITE POLAR GAP

Here we have 4 > r, and we make the assumption # « R: such limits will be attained for very slowly rotating
neutron stars since r, ~ R(RQ/c)}2. Then we may again approximate the stellar surface as flat and the magnetic
field lines as normal to the surface. The geometry is cylindrical: we have axisymmetry and work with cylindrical
coordinates (r., ¢, z). Below the surface of the neutron star the electric field is E, = QBr,/c (the magnetic field is
vertical and constant: B = — B%); for r, > r, the magnetosphere is corotating at angular velocity Q while interior
to r, there is a complete vacuum. In the gap, the potential is a solution of Poisson’s equation and takes the form

V(e r) = > aexp (= xazlr) Joxaralry) (49)

where the x,; are zeros of the zeroth-order Bessel function J,. This potential satisfies the requirement that the
magnetic field lines that constitute the gap boundary are equipotentials. The coefficients a; are determined by the
requirement that £, be continuous across the neutron star surface, or equivalently that

V0, r) = QB2 — r,?)[2c; (A9)
thus
I _ . B2 Jy(xe)
@ = GG VO ) = 22 0 (A10)
The vertical potential difference of the gap is simply
AV(r) = V(0, ry) = 3BQ(r,?* — r.?)]c, (A11)

and has its maximum at the center.

The essential characteristics of this simple model gap are that the potential and electric field have a vertical scale
height of order r, and that the maximum vertical potential difference is $BQr,2?/c. Thus, for 4 > r, the formulae
that apply in the /1 < r, case remain valid with the substitution 4 — r,[4/2.

IV. A THEOREM ON MAGNETOSPHERES

Consider a rotating neutron star with an axisymmetric magnetic field. If the neutron star has a magnetosphere,
then in those regions of the magnetosphere for which E-B = 0 (i.e., no particle acceleration along these field lines)
the following are true:

a) Such regions are corotating in the sense that within the magnetospheric plasma there is an electric field given by

_(@XnXB
c

E= (A12)

and this results in a drift velocity corresponding to rotation at angular velocity 2 = QZ; Q is in general a function
of the cylindrical coordinates r, and z.
b) Q is constant along magnetic field lines:

2Q 0Q

Big-+ B =0. (A13)

Thus for magnetospheric regions connected to the neutron star by magnetic field lines all along which E- B vanishes,
the corotation angular velocity is that of the neutron star itself. This is Ferraro’s theorem (see, for example,
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Alfvén and Filthammer 1963). As a corollary to the theorem, we note that the charge density within such a

magnetosphere is
1
Pe ™ &all — (Qrifoy]

[——ZSZ-B + rl(—-Bz o0 B 39)] : (A14)

or, = Ttz
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